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Abstract 

A graph's b-coloring iswhenG its vertices are 

properly colored so that every color class has a 

vertex connected to at least one vertex in every other 

color class. In graph Gthe b – chromatic number 

denoted by 𝝋(G),is the maximal integer k such that 

G may have a b – coloring with k- colors. In the 

present study, we derive the b-chromatic number for 

the corona product of the Bistar graph, which is 

represented by the following:𝝋(Bn,n ° Pn), 𝝋 

(Bn,n ° Cn), 𝝋 (Pn ° Bn,n), 𝝋(Cn° Bn,n)respectively. 

 
Keywords: : b – chromatic number, b-coloring,Bistar 

graph,path graph,cycle graph.. 

 

 
  

1. INTRODUCTION 

Consider the conventional definitions of appropriate coloring and chromatic number for a given simple graph, G. 

We can alter the color of these vertices to produce a valid coloring with fewer colors if, in the case that we have 

a correct coloring of G and there exists a color c such that every vertex v with color c is not next to at least one 

other color (which may depend on v). This approach can be used repeatedly, but since the coloring issue is NP-

hard, we cannot expect to attain the chromatic number of G. Irving and Manlove proposed the concept of b-

coloring [1] based on this premise. By definition, a b-coloring is a suitable coloring that is unaffected by the 

aforementioned heuristic; the b-chromatic number quantifies the worst possible example of this type of coloring. 

More formally, consider a proper coloring ψ of G. A vertex u is said to be a b-vertex in ψ if u has a neighbor in 

each color class different from its own. A b-coloring of G is a proper coloring of G such that each color class 

contains a b-vertex. A basis of a b-coloring ψ is a subset of b-vertices of ψ containing one b-vertex of each color 

class. The biggest integer b(G) for which G has a b-coloring with b(G) colors is the b-chromatic number of G. It 

is NP-hard to compute the b-chromatic number of a graph G [1], regardless of whether the graph is chordal [7] or 

bipartite [6]. 

 

As a function of other graph characteristics (clique number, chromatic number, andbiclique number), Kouider and 

Zaker [2] provided certain upper bounds for the b-chromatic number of several types of graphs. In [3], Kouider 
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and El Sahili demonstrated that if G is a d-regular graph without cycles of length 6 and with girth 5.then 

ϕ(G)=d+1..Paths are fundamental concepts of graph theory, described in the introductory sections of most graph 

theory texts[4] .The corona graph  was introduced by Frucht and Harary [5] in1970.In this paper we give some 

corona product of  graphs using proper coloring 

2.Preliminaries 

Bistar Bn,n is the graph obtained by linked the center (apex) vertices of two copies of K1,n by an edge. The  vertex 

set of Bn,n is V (Bn,n) = {u, v, ui , vi/1 ≤ i ≤ n}, where u, v are apex vertices and ui, vi are pendent vertices. The 

edge set of Bn,n is E(Bn,n) = {uv, uui , vvi/1 ≤ i ≤ n}. So, |V (Bn,n)| = 2n+2 and |E(Bn,n)| = 2n+1. 

A graph with a single cycle, or at least three vertices linked in a closed chain, is referred to as a cycle graph or 

circular graph. Cn stands for the cycle graph with n vertices. The total number of edges in Cn is equal to the total 

number of vertices, and each vertex has degree 2, or precisely two edges that intersect it. 

A path graph or linear graph is a graph whose vertices can be listed in the order v1, v2, …, vn such that 

the edges are {vi, vi+1} where i = 1, 2, …, n − 1. Evenly, in  a path has at least two vertices is connected and has 

two terminal vertices (vertices that have degree 1), while all others (if any) have degree 2. 

Thecorona productofGandHis the graphG◦Hobtained by taking onecopy ofG, called the center graph,|V(G)|copies 

ofH, called the outer graph, andmaking theithvertex ofGadjacent to every vertex of theithcopy 

ofH,where1≤i≤|V(G)|..  

3.b-coloring the Bistar graph's Corona graph using the Path graph 

Theorem 1:For any  positive integer n,n≥ 1 the b-chromatic number of the corona product of Bistar graph with 

path graph is φ(Bn,n°Pn)=n+2 for n≥ 1. 

Proof:  

Let  V(Bn,n)={u,v,ui,vi:1≤i≤ n} 

V(pn)={pi:1≤ i ≤ n} 

Let V(Bn,n°Pn)={u}∪{v}∪{ui: 1≤i≤ n}∪{ vi: 1 ≤ i ≤ n, } ∪{uij: 1≤i≤ n, 1 ≤ j ≤ n}∪ 

{ vij:1≤i≤ n, 1≤j≤ n}∪{xi: 1≤i≤ n}∪{yi: 1≤i≤ n} 

Consider n≥ 1,assign the following n+2 colors asb-chromatic number for Bn,n°Pn 

 

For u ,assign the color c1 

For v,assign the color c2 

For ui: 1≤i≤ n assign the color cn+2 

Forvi:1≤i≤ n assign the color cn+2 

For  uij assign the l;1≤ l≤ n + 2 colors except the colors of vertices u &{ui:1≤i≤ n} 

For vij assign the k;1≤ k≤ n + 2 colors except the colors of vertices v&{vi:1≤i≤ n} 

For xi: 1≤i≤ n assign the color ci+1 

For yi : 1≤i≤ n assign the color ci+2 

This proves  that this coloring is a b-Coloring. 

The coloring procedure depends the number of vertices of Bistar graph(Bn,n) that is Bn,n has degree n+1.Hence 

we can assign maximum of n+2 colors to get a b-Coloring.Hence the proof. 

 

4. b-coloring of the Bistar graph's Corona graph using the Cycle graph 

Theorem 2:The b-chromatic number of the Corona product of the Bistar graph with the cycle graph, for each 

positive integer n, where n≥1, isφ (Bn,n°Cn)=n+2 for n≥ 1. 

Proof:  

Let  V(Bn,n)={u,v,ui,vi:1≤i≤ n} 

V(Cn)={ci:1≤ i ≤ n} 

Let V(Bn,n°Pn)={u}∪{v}∪ {ui: 1≤i≤ n}∪ { vi: 1 ≤ i ≤ n, } ∪ {uij: 1≤i≤ n, 1 ≤ j ≤ n} 

  ∪ { vij:1≤i≤ n, 1≤j≤ n}                    

https://en.wikipedia.org/wiki/Vertex_(graph_theory)
https://en.wikipedia.org/wiki/Edge_(graph_theory)
https://en.wikipedia.org/wiki/Degree_(graph_theory)
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Consider n≥ 1,assign the following n+2 colors asb-chromatic number for Bn,n°Cn. 

Assign colorc2 to v. 

Assign colorc1 to u. 

For ui: 1≤i≤ n assign the color cn+2 

Forvi:1≤i≤ n assign the color cn+2 

For  uij assign the color    ck:  1 ≤ k ≤ n + 2 except the colors of vertices u &{ui:1≤i≤ n} 

For vij assign the color  cm;1≤m≤ n + 2 colors except the colors of vertices v&{vi:1≤i≤ n} 

 

This coloring is a b-Coloring, as the outcome demonstrates. 

The coloring process is dependent on the Bistar graph's (Bn,n)vertex count. Degree n+1 is assigned to the bistar 

graph (Bn,n). Therefore, to obtain a b-Coloring, we can assign a maximum of n+2 colors. Thus, the evidence. 

 

 

5. Path graph's Corona graph's b-coloring using the Bistar graph 

Theorem 3:The b-chromatic number of the Corona product of the Path graph with the Bistar graph, for each 

positive integer n, where n≥1, is φ(Pn°Bn,n)=n+2 for n= 1. 

= n+3 for n≥2     

Proof:  

Let   V(pn)={pi:1≤ i ≤ n} 

V(Bn,n)={u,v,ui,vi:1≤i≤ n} 

Let V(Pn° Bn,n)={pi: 1≤i≤ n}∪{ui: 1≤i≤ n}∪ { vi: 1 ≤ i ≤ n, } 

                             ∪ {uij: 1≤i≤ n, 1 ≤ j ≤ n}∪ { vij:1≤i≤ n, 1≤j≤ n} 

Consider the following cases 

Case 1: 

Assign the following n+2 colors to P1° B1,1as the b-chromatic number for n=1. 

 

For p1 ,assign the color c1 

For u1 ,assign the color c2 

For v1 ,assign the color c3 

For u11assign the color c3 

For v11assign the color c2 

               The above shows that this coloring is a b-Coloring. 

Case2: 

     For any  positive integer n,n≥ 2  

Assign the following n+3 colors as b-chromatic for Pn°Bn,n,n≥2 

For pi: 1≤i≤ n assign the color ci 

For ui: 1≤i≤ n assign the color cn+1 

For vi:1≤i≤ n − 1 assign the color cn+2 

For vn assign the colors cn+3 

For  uij and vij : 1≤i≤ n , 1≤j≤ n assign the colors  cd;1≤d≤ n + 3 as by the proper coloring way. 

The above shows that this coloring is a b-Coloring. 

The coloring procedure depends the number of vertices of Bistar graph(Bn,n). 

Here the Bn,n has degree n+2.Hence we can assign maximum of n+3 colors to get a b-Coloring. 

Hence the proof. 

 

6.b-coloring the Bistar graph with the Corona graph of the Path graph 
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Theorem 4:The b-chromatic number of the Corona product of the Cycle graph with Bistar graph, for each positive 

integer n, where n≥1, is φ(Cn° Bn,n)=n+3 for n≥ 1. 

Proof:  

Let  V(Cn)={di:1≤ i ≤ n} 

V(Bn,n)={u,v,ui,vi:1≤i≤ n} 

Let 

V(Cn°Bn,n) ={di: 1≤i≤ n}∪{ui: 1≤i≤ n}∪ { Vi: 1 ≤ i ≤ n, } 

 ∪ {uij: 1≤i≤ n, 1 ≤ j ≤ n}∪ { vij:1≤i≤ n, 1≤j≤ n} 

Assuming n≥1, designate the subsequent n+3 hues as the b-chromatic number for Cn° Bn,n 

For di: 1≤i≤ n assign the color ci 

For ui: 1≤i≤ n assign the color cn+1 

Forvi:1≤i≤ n-1assign the color cn+2 

And for vnassign the color cn+3 

For  uij assign the colors ci:1≤i≤n+3 except the colors of vertices ui& di:1≤i≤ n 

For vij assign ci:1≤i≤n+3  the colors except the colors of vertices vi& di:1≤i≤ n 

It indicates that b-coloring is used in this coloration.  

The coloring process is dependent on the Bistar graph's Bn,nvertex count. 

The degree of the Bn,n is n+2.Therefore, to obtain a b-Coloring, we can assign a maximum of n+3 colors.  

Thus, the evidence. 

 

. 
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